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^HCCHnaTHBHbie onepaTopw b npocTpaHCTBe KpeiiHa. 
MHBapHaHTHbie no^npocTpaHCTBa h CBOHCTBa cy^ceHHH 



Ahhotahhh. B pa6oTe ,noKa3aHa TeopeMa o cymecTBOBaHHH MaKCHMajibHoro HeoTpHnaTejib- 
Horo HHBapnaHTHoro ncyrnpocTpaHCTBa y fliicciinaTHBHoro onepaTopa b npocTpaHCTBe Kpeima, 
KOTopbiii flonycxaeT MaTpn^Hoe npe^CTaBJieHHe OTHOCHTejibHO KaHOHH^ecKofi ,n,eKOMno3HHHH 
npocTpaHCTBa, npn^eM npaBbiii BepxHiiii onepaTop b stoh ,a,eKOMno3HHHH KOMnaKTeH otho- 
CHTejibHO npaBoro moKHero. Ilpn ,i;onojiHHTejibHOM npe,n;nojioJKeHHH orpaHHHeHHOCTH jieBbix 
BepxHero h HHJKHero onepaTopoB (Tax Ha3MBaeMoro ycjiOBHH JlaHrepa) stot pe3yjibTaT 6mji 
^OKa3aH (b nopfl^Ke B03pacTamiH o6ihhocth) IIoHTpflrHHbiM, KpeimoM, JlaHrepoM h A31130- 
BMM. ycjiOBne JlaHrepa 3aMeHeHO b pa6oTe cymecTBeHHO 6ojiee cjia6biM. Ilpn ero BbinojiHeHHH 
^OKa3aHO, ito MaKCHMajibHbiii flHCcnnaTHBHbiH onepaTop b npocTpaHCTBe Kpeima o6jia,n,aeT 
MaKCHMajibHMM, HeoTpHD;aTejibHbiM, HHBapnaHTHbiM noflnpocTpaHCTBOM, TaKHM, hto cneKTp 
cy>KeHHa onepaTopa Ha sto noflnpocTpaHCTBO jie>KHT b jieBOH nojiynjiocKOCTH. HaiifleHbi ,no- 
CTaTO^Hbie ycjiOBHH pjisi Toro, itoGm cyaceHne onepaTopa Ha sto ncflnpocTpaHCTBO 6mjio re- 
HepaTopoM rojiOMopcpHoii hjih Co-nojiyrpynnbi. 



HanoMHHM ocHOBHbie onpe^ejieHHa Teopnn npocTpaHCTB c hh^gcphhhthoh mgtphkoh. IlycTb 
TC — rnjib6epTOBO npocTpaHCTBO, b kotopom Hapa,zry c oGbi^HbiM CKajiapHbiM npoH3Be^,eHHeM 
(x,y) 3a^aHO HH,a,e(pHHHTHoe CKajiapHoe npoH3Be,a,eHHe [x,y] = (Jx,y), r^e J — caMoconpii- 
jKeHHbifl onepaTop, TaKoii, hto J 2 = I. 3^ecb h Jiajiee nepe3 / o6o3HaHaeTca ToacflecTBeHHbiH 
onepaTop, a npocTpaHCTBO Tt CHHTaeTca cenapaSejibHbiM. OnepaTop J Ha3biBaiOT KaHOHnne- 

CKOH HJIH BHyTpeHHefl CHMMeTpHefi B 7i. IlpH H3yHeHHH raMHJIbTOHOBblX CHCTeM pojib J nr- 

paeT CHMnjieKTHHecKaa MaTpnira. IIocKOJibKy onepaTop J caivioconpajKeHHbiH h yHHTapHbifi 
OflHOBpeMeHHO, to ero cneKTp coctoht h3 flByx tohck {±1}. IlosTOMy cnpaBe^JiHBO npe,a,- 
CTaBjieHne J = P + — P-, rpp P + h P_ — B3aHMHO opToroHajibHbie opTonpoeKTopbi, npnneM 
P+ + P- = I . IlpocTpaHCTBO (H, [■,■}) Ha3biBaiOT npocTpaHCTBOM IloHTpflrHHa h o6o3HaHaiOT 
11^, ecjiH oflHO H3 Hnceji rankP + hjih rankP_ kohchho h paBHO x, h npocTpaHCTBOM Kpeinia, 
ecjiH 06a 3thx HHCJia SecKOHenHbi. Ilo^npocTpaHCTBO jC b (T~t, [•,•]) Ha3biBaiOT HeoTpHii;aTejib- 
hmm (nojio>KHTejibHbiM), ecjiH ,hjth Bcex x G C BbinojiHeHO HepaBeHCTBO [x, x] ^ (> 0). Ec- 
jih HeoTpHii;aTejibHoe (nojiojKHTejibHoe) no^npocTpaHCTBO C He ^onycKaeT HeoTpniiaTejibHbix 

(nOJIOJKHTejIBHblx)HeTpHBHajIbHblX paCHIHpeHHH, TO OHO Ha3bIBaeTCH MaKCHMajibHMM. AHajio- 

thhho onpeia;eji5HOTCH MaKCHMajibHbie Henojio>KHTejibHbie h OTpHiraTejibHbie noirnpocTpaHCTBa 
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IlycTb A — jiiiHeimbiH onepaTop b TL c o6jiacTbio onpe^ejieHna T>(A). Hepe3 cr(A) h p(A) 
o6o3HanaeM ero cneKTp h pe30JibBeHTy, cooTBeTCTBeHHO. OnepaTop A Ha3biBaeTca duccuna- 
muenuM e TL, ecjin Re(Ar, x) ^ pjin Bcex x G T>(A). ^HCCHnaTHBHbiii onepaTop Ha3biBaeTca 
MCLKCUMdJibHO duccunamuenuM (hjih m- duccunamuenuM) , ecjiii oh He ^onycKaeT HeTpnBHajib- 
hmx ^HCCHnaTHBHbix pacHrapemiH. H3BecTHO [Hi Iji. V, §3.10], hto nocjie^Hee ycjiOBHe 
^HCcnnaTHBHoro onepaTopa A SKBHBajieHTHO ycjiOBHio p(A) D C~ , r^e C~ — OTKpbiTaa jieBaa 
KOMnjieKCHaa nojiynjiocKOCTb. OnepaTop A Ha3biBaeTca J -duccunamuenuM (J-MaKCUMaAbno 
duccunamuenuM) , uau duccunamuenuM (MancuMaAbno duccunamuenuM) e npocmpaHcmee 
(TL, [• , •] ), ecjin J A — ^HCCHnaTHBHbiH (iviaKCHMajibHO ^HCCHnaTHBHbin) b TL. AHajionrmo, A 
Ha3biBaeTca cuMMempunecKUM (caMOConpHMcennuM) e npocmpaHcmee (TL, [•,•]), ecjin J A 
CHMMeTpnneH (caMOConpa>KeH) b npocTpaHCTBe TL. 

IlpeflCTaBHM npocTpaHCTBO TL b BH^e opToroHajibHOH cyMMbi TL = TL + © TL~ , r^e 
H ± = P±TL — o6pa3bi npoeKTopoB P±. IlycTb A — jiHHeHHbiii onepaTop b TL c o6jiacTbio onpe- 
^ejieHHH D(A). 06o3HanHM T>^ = T)(A) H TL^. /Jajiee mm 6yo,eM HMeTb ^ejio TOJibKO c teikhmh 
onepaTopaMH, fljia KOTopbix cyMMa T> + © T>~ aBJiaeTca ndpoM onepamopa A. 3to 03HaaaeT 
cjie^yiomee: ecjin A — cyaceHne onepaTopa A Ha T> + © T>~ , to A C A , r^e A — 3aMbiKaHHe 
A. 

PacciviaTpHBaa, ecjin HyjKHO, cyaceHne A, 6yn;eM flajiee canTaTb, hto T>(A) = T> + © T>~ . 
B 3tom cjiynae A ^onycKaeT npe^CTaBjieHHe b BH^e onepaTopHOH MaTpnubi no OTHonieHHio k 
KaHOHHHecKoii fleKOMno3Hn,HH TL = TL + © TL~: 

n n 4 - f p +^ p + P +^M ._ A 12 \ 

[ ' ~ \P-AP + P_AP_) - \A 2l A 22 ) ■ 

B TaKOM npe^CTaBjieHHH BeKTopbi x = + G TL, r^e x± G H 1 * 1 , OTOK^ecTBjiaiOTca co 
CTOJi6n;aMH x = j h fleficTBHe A 3aflaeTca paBeHCTBOM 

\x^J \A 21 x + + A22X-J 

B 1941 ro^y C.Jl.Co6ojieB oGparaji BHHMarae Jl.C.IloHTparHHa Ha one^yioiiniH 3aMena- 
TejibHbra (paKT: caMOConpHMceuHuu onepamop e npcmpancmee Hi ecesda UMeem no Mem>- 
meu Mcpe odun co6cmeennuu eenmop (^OKa3aTejibCTBO CoSojieBa ^ojiroe Bpeivia ocTaBajiocb 
HeonySjiHKOBaHHbiM; 3tot pe3yjibTaT Co6ojieB npnivieHaji fljia nccjie^OBaHHa ycToiiaHBOCTH Ofl- 
hoh 3aflaHH MexaHHKH [23]). 3to Ha6jnofleHne CoSojieBa nocjiyjKHJio tojihkom ^Jia Hccjie^o- 
BaHHa rioHTparHHa |19| . r^;e oh 3ajio>KHJi Haaajia reoivieTpHH npocTpaHCTB c HH^ecpKHHTHoii 
MeTpHKofl h nojiyHHJi cjieflyiomHH (pyHflaivieHTajibHbiH pe3yjibTaT. 

Teopema riOHTP5irnHA. IJycmb A — caMOConpnotceHHUu onepamop e npocmpancmee H K , 
npuneM rankP + = x < oo. Tozda cyu^ecmeyem A-uneapuanmHoe MaKCUMa/ihuoe neompuv^a- 
meAbnoe nodnpocmpancmeo C (dmiC = x) manoe, nmo cnenmp cyotcenun A\c Jiewcum e 
3aMKnymou eepxneu noAynAocnocmu. 

llocjie paSoTbi [19], npo6jieMa cymecTBOBaHHa HHBapnaHTHbix MaKCHMajibHbix nojiy^ecpH- 
hhthmx no^npocTpaHCTB HaxoflHJiacb b ueHTpe BHHM&HH9 TeopHH onepaTopoB b npocTpaHCTBax 
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noHTparima h Kpeima. Kpeim nojiynnji aHajior TeopeMbi IloHTparHHa fljia HepacTarHBaio- 
miix onepaTopoB b H^, pa3BHBaa ,irpyroH no^xo^, k npo6jieMe, He:»cejiH b |19j . Ba>KHoe o6o6me- 
Hne TeopeMbi IloHTpflrHHa Sbijio nojiyneHO JlaHrepoM [14] , [15] h KpeiiHOM |12| . CcpopMyjinpyeM 
pe3yjibTaT |15| . 

Teopema JIahtepa. IJycmb A — caMOConpHMcenHuu onepamop e npocmpancmee Kpeu- 
hcl (H, [• , ■]), npuntM T>(A) D 7i + (amo ycjioeue SKeueaAenmHO eo3MOMCHOcmu npedcmaoAe- 
hum (11.11) . e KomopoM onepamopu An u A\ 2 ospanuHenu). Ecau onepamop A\ 2 = P+AP- kom- 
nanmen, mo cymecmeyem A-uHeapuanmnoe MatccuMaAbHoe neompuv^ameAbHoe nodnpocmpan- 
cmeo £ manoe, umo cnenmp cyofcenuM A\c Aecncum e 3aMKnymou eepxneu noAynAOCKOcmu. 

Bnocjie^CTBHH TeopeMbi o cymecTBOBaHHH A-imBapiiaHTHbix no^npocTpaHCTB Sbijih nojiy- 
neHbi JiJia flpyriix KJiaccoB onepaTopoB. Kpeim bbSji h HCCJiejxpBaji KJiacc ^ecpHHHTHbix onepa- 
TopoB, a no3JKe pjia Sojiee innpoKoro KJiacca TaK Ha3biBaeMbix ^e(pHHH3iipyeMbix onepaTopoB 
JlaHrep |16L I17| ^OKa3aji TeopeMy o cymecTBOBaHHH MaKCiiMajibHbix ^e(pHHHTHbix HHBapn- 
aHTHbix noflnpocTpaHCTB, a TaKJKe aHajior cneKTpajibHofi TeopeMbi fljia caMOConpa>KeHHbix 
onepaTopoB. Kpeim ii JlaHrep |13| . h He3aBiiciiMO A31130B [2], Hanajin nccjie^OBaHHe ^hcch- 
naTiiBHbix onepaTopoB b npocTpaHCTBax IloHTparHHa 11 Kpeima. B nacTHOCTH, b stiix paSoTax 
ohii ^,OKa3ajiH cjie^yioiiniH pe3yjibTaT. 

Teopema KPEHHA-JlAHrEPA-A3H30BA. Ilycmb —iA — MancuMaAbno duccunamuenuu 
onepamop e npocmpancmee IJonmpMSuna U K . Tosda cnpaeedAueo ymeepotcdenue meopeMU 
IIoHmpttzuHa. 

Ji&jiee A31130B 11 XoponiaBiiH [3] ,a,OKa3ajiH aHajior TeopeMbi JlaHrepa ^Jia HeKOToporo Kjiac- 
ca HepacTHriiBaioiiiTrx onepaTopoB b npocTpaHCTBe Kpeima, a c noMombio SToro pe3yjibTaTa 
A31130B [4j Tji. 2] ^OKa3aji, hto TeopeMa JlaHrepa [15] ocTaeTca cnpaBe^jiHBOH ^jia MaKCHMajib- 
ho ^HCCHnaTHBHbix onepaTopoB b npocTpaHCTBe Kpeima (npn 3tom b (popMynnpoBKe BepxHioio 
KOMnjieKCHyio nojiynjiocKOCTb HyacHO 3aMeHHTb Ha jieByio). Bojiee Toro, A3H30B noKa3aji, hto 
ycjiOBne KOMnaKTHOCTH onepaTopa v4 12 mojkho 3aMeHHTb Ha ycjiOBne ero KOMnaKTHOCTH no 
OTHOHieHHio k onepaTopy A 2 2, i.e. KOMnaKTHOCTH Ai 2 (A 22 — /■*) npn HeKOTopoM /j, G p(A 22 ) 
(fljia caMOConpajKeHHbix onepaTopoB btot cpaKT paHee SbiJi OTMeneH KpeimoM [12].) IlpaMoe, 
Sojiee KopoTKoe ^OKa3aTejibCTBO TeopeMbi A3H30Ba 6bijio npefljio>KeHO aBTopoM [20] . 

3a,a,aHy onncaHHsi BemecTBeHHoro cneKTpa hjih hhcto mhhmoto cneKTpa rjisi cy»ceHHH ca- 
MOConpa>KeHHbix hjih flHCCHnaTHBHbix onepaTopoB b npocTpaHCTBe KpeiiHa Ha MaKCHMajibHoe 
HeoTpHn,aTejibHoe HHBapnaHTHoe noflnpocTpaHCTBO H3ynajiH KocTioHeHKO h Opa30B [10], To- 

MHJIKO [8] H aBTOp |21| . 

YcAoeue JIamepa T>(A) D 7i + (hjih ycjiOBne orpaHnneHHOCTH b MaTpH^moM npejjCTaBJie- 
hhh (jl.ip onepaTopoB An h A21) HBJiaeTca BecbMa orpaHHHHTejibHbiM. B nacTHOCTH, oho He bh- 
nojiHaeTca b HeKOTopbix KOHKpeTHbix sajjanax, KOTopbie 6biJiH MOJiejibHbiMH b paSoTax [Tl I18| ). 
3to oScToaTejibCTBO nocjiyjKHJio mothbom jj;jih nojiyneHHa o6o6ni;eHHH ccpopMyjinpoBaHbix pe- 
3yjibTaTOB, Kor^a ycjiOBne JlaHrepa 3aMeHaeTca ^,pyrHM 6ojiee cjia6biM. TaKoii pe3yjibTaT Smji 
He^aBHO nojiyneH aBTopoM |22j . YcjiOBHe JlaHrepa b [22| 3aMeHeHO cjie^yiomnM ycjiOBneM: 
Han^eTCH hhcjio /j, b jicboh nojiynjiocKOCTH Taxoe, hto onepaTopbi 



{A 22 - /i)- l A 21 , A 21 (A 22 - ii)' 1 , S(fi) = A u -A 12 (A 22 -^)- 1 A 21 
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orpaHHMeHbi. S(/i) Ha3biBaiOT nepedamouHou (fiyHKU^ueu (a TaKJKe TpaHCCpep-cpyHKinieft hjih 
flonojiHemieM Qpo6eHiiyca-ITIypa) . H3bik, iicnojiBsyiomira nepeflaTOHHbie (pyHKipiii, Ha nep- 
bbih B3rjiHfl MOJKeT noKa3aTBC5i HeyKjno>KiiM, ho oh ecTecTBeH h cooTBeTCTByiomHe ycjiOBiia b 
KOHKpeTHbix 3aflanax HeTpyario npoBepaTb. Ilpn stom ycjiOBHe orpaHnneHHOCTH nepBbix flByx 
onepaTopoB, KaK npaBHjio, BBinojiHaeTca aBTOMaTHHecKii. Ho ycjiOBHe orpaHiiieHHOCTii nepe^a- 

TOHHOH (pyHKHHH 5IBJI5ieTC5I JXpCTaTOHHO -OKGCTKHM3> . HllJKe Mbl yBHJJHM, HTO OHO BbinOJIH5ieTC5I 

b tom h tojibko b tom cjiynae, Kor/ia cyaceHHe onepaTopa A Ha cooTBeTCTByiomee HHBapnaHTHoe 
no^npocTpaHCTBO aBJiaeTca orpaHHHeHHbiM onepaTopoM. Kohchho, iiMea b Biijry jjajibHeHiniie 
npHJiojKeHHa (KOTopbie b stoh pa6oTe mm He paccMaTpnBaeM) , npejj;cTaBJiaeTca npiiBJieKa- 
TejibHoii 3a^,ana ot 3Toro ycjiOBiia H36aBiiTBca. 9mo neAnemcn ocuoenou ufiAbto nacmofiu^eu 
pa6omu. Ho HayniiBniiiCB Haxo^HTb HHBapnaHTHbie no;xnpocTpaHCTBa, TaKiie, hto cysceHiia 
A\c HeorpaHHneHbi, mm npuxojxiiM k uoeou eaotcuou 3adane: aBjiaiOTca jih ohh reHepaTopaMH 
KaKoro-jin6o Tnna nojiyrpynn? Haumu docmamoHHue ycAoeun Bah noAootcumeAbuozo omeema 
ua dmom eonpoc — emopan u,eAb pa6omu. 

2. CymecTBOBaHHe HHBapnaHTHMx no^npocTpaHCTB 

B n,HTHpoBaHHbix Bbinie pa6oTax npe^nojiarajiocb, hto no;xnpocTpaHCTBO C aBjiaeTca A- 
HHBapnaHTHbiM, ecjiH C C D(A) h A(C) C C Ho stom cjiynae cyxceHiie A\c orpaHHHeHHbin 
onepaTop. nosTOMy jjajiee CHHTaeM, hto no/xnpocTpaHCTBO £ aBjiaeTca A— HHBapnaHTHbiM, 
ecjin T>(A) fl C njiorao b C h Ax G C /j;jia Bcex x G T>(A) n C 

OcHOBHaa TeopeMa 06 HHBapnaHTHbix nojjnpocTpaHCTBax 6yn;eT JxpKa3aHa fljia MaKCiiMajib- 
ho flHCcnnaTHBHbix onepaTopoB b npocTpaHCTBe KpeiiHa. H3BecTHO [4J Fji. 2, TeopeMa 2.9], 
hto npn BbinojiHeHHH ycjiOBiia JlaHrepa T)(A) D 7i + onepaTop A MaKCHMajibHO jjHCCimaTiiBeH 
b (Ti., [• , •] ) Tor^a h tojibko Tor^a, Kor^a — A22 MaKCHMajibHO fliicciinaTHBeH b 7i~, T.e. JieBaa 
nojiynjiocKOCTB jiokht b pe30JiBBeHTHOM MHOJKecTBe onepaTopa ^22- B o6ineM cjiynae mojkho 
yTBep>KflaTB, hto MaKCHMajiBHaa fliicciinaTHBHOCTB onepaTopa A BjieneT tojibko fliicciinaTHB- 
hoctb onepaTopoB An 11 — A 22 . Ho mbi 6yn;eM paSoTaTb c nepe/jaTOHHoli (pyHKinieft, nosTOMy 
6yjj;eM TpeSoBaTb ycjiOBHe cymecTBOBaHiia pe30JibBeHTbi npn HeKOTopoM (a Torjja npn Bcex) 
/i G C~. CymHOCTb HajiaraeMbix Hnace ycjiOBiiii coctoht b tom, hto onepaTop A 2 2 aBjiaeT- 
ca jj;oMHHHpyioni;HM no OTHomeHiiio k cnjieTaionriiM onepaTopaM A 2 i 11 A\ 2 . CcpopMyjrapyeM 
ochobhoh pe3yjibTaT. 

TEOPEMA 2.1. rtycmb A — duccunamuenuu onepamop e npocmpaHcmee Kpeuna ( TC, [■ , • ] ) 
c o6AacmbK> T>(A) = T> + ®T>~ , nAomnou e 7i = 7i + . 06o3ho,hum uepe3 A ezo 3aMUKanue. 
Ilycmb fll.ip — MampuuHoe npedcmaeAenue A e 7i + © H,~ , u nycmb eunoAHenu CAedywu^ue 
ycAoeun: 

(i) onepamop —A 22 sieAsiemcM MancuMaAbno duccunamuenuM e npocmpaHcmee 7i~ (m.e. 
cyxuficmeyem pe30Abeenma (A 22 — npu ecex ji E C~ ); 

(ii) onepamop F{ji) = (A 22 — ^^A^ donycnaem ospanuueHHoe 3aMUKanue npu neKomo- 
poM (a mozda npu ecex) ji G C~; 

(iii) onepamop G(/i) = A\ 2 (A 22 — ji)^ 1 KOMnanmen npu HenomopoM (a mozda npu ecex) 

Tosda cymecmeyem MaKCUMaAbuoe neompuu.ameAbnoe nodnpocmpancmeo, uneapuanmHoe 
omnocumeAbHO onepamopa A. Ecau onepamop A aeAaemcn m-duccunamuenuM e ( Tl, [• , • ] ) (u 



moAbKO e amoM CAyuae), mo naudemcn MancuMaAbnoe Heompuu,ameAbHoe A-uHeapuanmnoe 
nodnpocmpancmeo C + maKoe, nmo cnenmp cywcenuH A + = A\ c + codepotcumcn e 3aMKnymou 
Aeeou noAyriAOCKOcmu. 

^OKaaaTejibCTBy TeopeMbi npe^nonuieM pa,n; jieMM. IlepBbie flBa — H3BecTHbie npe^jiojKe- 
hhs: nepBaa jieMMa HMeeTca b paSoTe noHTpanma [19| . BTopaa flOKa3aHa b pQ. OcHOBHyio 
pojib b flajibHefiineM nrpaiOT JleMMbi 12.51 12.61 h 12.91 



JIemma 2.2. IJodnpocmpaHcmeo C neAnemcn MaKCUMCUibHUM Heompui^arneAbHUM e 
(H, [',']) e moM u moAbKO moM CAynae, Kozda oho donycnaem npedcmaeAenue 

(2.1) c= L = ('+\ i x+eH 



Kx. 

zde K : 7i + — > — AuneuHuu Hepacmnzueawu^uu onepamop (m.e. \\K\\ ^1). 

OnepaTop K b npe^CTaBJieHHH (12.11) Ha3biBaeTca ysAoeuM onepamopoM noflnpocTpaHCTBa 

C. 

JIemma 2.3. IJycmb A — onepamop c nAomnou o6Aacmbto T>(A) = V + ®T>~, pe30Abeenm- 
noe MHOCHcecmeo p(A 22 ) nenycmo, a onepamopu 

G = A l2 (A 22 - p)~\ F = (A 22 -fi)- 1 A 21 , u S = A n -A 12 F, p G p(A 22 ), 

ospanuneHU npu neKomopoM p G p(A 22 ). Tosda onepamop A 3aMunaeM e moM u moAbKO 
moM CAynae, Kosda S = An — Ai 2 F(p) 3aMumeM e 7i + , u ezo 3aMum,HUe onpedeAnemcn 
paeencmeoM 

1 G\ (S - p \fl_ N 

o i)y o A 22 -p) \f ij ■ 

EoAee mouHO, o6Aacmb onpedeAenusi u deucmeue A onpedeAfitomctt paeencmeaMU 



(2.2) A = p + 



V{ A ) = { ( X x + j G H, x + G H + , Fx + + x_ G V~ C V(A 22 ] 
-t ( x + \ _ ( Sx + + G(A 22 - p)(Fx + + x. 



x_y y (A 22 - fi)(Fx+ + x-) + px- 

JIemma 2.4. IJycmb —A 22 — MancuMaAbno duccunamuenuu, a G(p) = A\ 2 (A 22 — p)^ 1 — 
KOMnaKmnuu onepamopu npu nenomopoM (a mozda npu ecex) p G C~. Tozda ||G(//)|| — > npu 
p — > oo paenoMepno e ak>6om cenmope | arg(7r — ^ 7 < 7r/2. 

J_JOKA3ATEJlbCTBO. ,Hpyraa BepcHa 3Toro yTBepac^eHHa 6yii,eT ccpopMyjiapoBaHa b JleMMe 
3.6. TaM me 6yzi,eT npiiBe^eHO ^,OKa3aTejiBCTBO. □ 

JlEMMA 2.5. IJpu p G p(A 22 ) cnpaeedAueo paeencmeo 

(,3> « + ,.;(;gf;^gg!) ,=.(;_» 

J_IOKA3ATEJlbCTBO. B cnpaBe^JiHBOCTH SToro paBeHCTBa JierKO ySe^HTbca Henocpe^CTBeH- 
hoh npoBepKOH c yneTOM npeflCTaBjieHaa (12.21) . □ 
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JlEMMA 2.6. IJpu \i G p{A 22 ) djlH ecex x+ G D+ cnpaeedAueo paeencmeo 
(2-4) (Sx + ,x + ) = (jA ( X +X) + y(Fx + ,Fx + ). 



Fx + I ' V — Fx 

B uacmnocmu, npu aw6om /i G C~ onepamop S = S(/jl) c c o6jiacmbw T>(S) = T> + nejinem- 
cn duccunamuenuM e npocmpancmee 7i + , ecjiu onepamop A duccunamueen e npocmpancmee 
( 7i, [■,■]) • 3aMUKanue onepamopa S aejinemcH m-duccunamuenuM e npocmpancmee 7i + , ec/iu 
3aMUKanue onepamopa A nejinemcfi m-duccunamuenuM e npocmpancmee ( 7i, [ -, ■ ] ), u nao6o- 
pom. 

/^OKA3ATEJlbCTBO. B cnpaBefljiHBOCTH paBeHCTBa 12.41 jierKO ySe^niTbca HenocneflCTBeH- 
hoh npoBepKofi c noMombio paBeHCTBa !2.3l 3KBHBajieHTHOCTb m-^HCcnnaTHBHOCTH onepaTopoB 
5(/i) b npocTpaHCTBe 7i + h J A b npocTpaHCTBe 7i TaK>Ke cjie^yeT H3 paBesxTBa 12.31 □ 

JlEMMA 2.7. IJycmb nodnpocmpancmeo C UMeem end 

C = {x : x= (kxX x + eH + }, 

zde K : 7i + — > — ozpanuuennuu onepamop. Tosda C nejinemcn A-uneapuanmnuM e moM 
u mo/ibKO moM c/iyuae, Kozda eunojinnemcn paeencmeo 

(2.5) (l-KG)(A 22 - l i){F + K) = K{3-n). 

3decb npednojiazaemcsi, umo o6jiacmbw onpedejienua onepamopa e npaeou (a nomoMy u e 
jieeou) uacmu paeencmea neAHemcn Jiunexui T>{S) = T> + . 

^OK A3 ATEJlbCTBO . J\jiz X + G V + HMeeM 

f x+ \ _ f(S-fx)x + + G(A 22 -fx)(F + K)x + \ 
[A & [Kx+J ~ \ (A 22 - y) (F + K)x + J' 

Ecjih C aBJiaeTca A-HHBapnaHTHbiM, to npn HeKOTopoM y + G 7i + HMeeM 



\{S - //) + G(A 22 - fx)(F + K)]x + = y + , 
{A 22 - fi){F + K)x + = Ky + . 

IloflCTaBJiaa Bbipa>KeHHe ^Jia y + bo BTopoe paBeHCTBO, nojiyaaeM ypaBHeHiie (12.50 . 

OSpaTHO, ecjiH BbinojiHeHO ypaBHeHiie (12.51) . to npn HeKOTopoM y + BbinojiHeHbi ^Ba 
nocjie^HHx ypaBHeHna, H3 kotopmx nojiynaeM, hto noflnpocTpaHCTCBO C aBJiaeTca A- 

HHBapHaHTHblM. □ 

3AMEMAHHE 2.8. ypaenenue (12.51) neAHemcn ModucfiuyupoeannuM ypaenenueM Punnamu 
3am neu3eecmnoso onepamopa K . Panee, nanunaH c pa6omu Plonmpmuna |19| . ucnoAb3oea- 
jiacb dpyzan eepcun JleMMu WTk C nejinemcH A-uneapuanmnuM mosda u mojihKO mozda, Kosda 



(2.6) A 21 + A 22 K - KA n - KA 12 K = 0. 

3mo ypaenenue na3ueawm ypaenenueM Punnamu, accoyuupoeannuM c onepamop- Mampuyeu 
A. OdnaKO 3ma Qjopjua ypaenenue PuKKamu neydo6na e CAyuae, Kozda ece SAeMenmu 
onepamop- Mampuyu A Mosym 6umb neospanuHennuMU onepamopaMU. 
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KaK cjie,n;cTBHe jismm 12.21 12.41 h 12.71 nojiynaeM cjiejjyioiHHH Ba>KHbiH jijih jjajibHeiiHiero pe- 
3yjibTaT. 

JlEMMA 2.9. Hycmb hucao /j, G C~ manoe, umo \\G(fj)\\ < 1/2. Tosda onepamop A 06- 
,/iadaem uneapuanmnuM, mclkcumcljiwhum neompuu^ameAbnuM nodnpocmpaHcmeoM e moM u 
moAbKO e moM CAyuae, nozda naudemcn nepacmmuemou\uu onepamop K : 7i + — > H.~ , manou, 
umo 

(2.7) F + K = (A 22 - //)- x (l - KG)~ l K{S - //). 

PeineHne btoto ypaBHeHHH He 3aBiicnT ot /i G p(^422)- 

/4okA3ATEJI£>ctbo. IlepBoe yTBep>K^eHHe jieMMbi ecTb cjie^CTBne jieMM I2T21 h 12.71 ,Uajiee, 
ypaBHeHne (12.71) SKBHBajieHTHO ypaBHeHHio (12.51) . r^e onepaTopbi b oSenx nacTax paBeHCTB 
onpe^ejieHbi Ha T> + . IlocKOJibKy onepaTopbi A 2 i = (A 22 — n)F h KA n KoppeKrao onepe^ejieHbi 
Ha T> + , to (A 22 — h KA\ 2 F o6jia,a,aiOT TeM >Ke cbohctbom. Ho Torjja b (12.51) mojkho 
pacKpbiTb ckoSkh h nojiyHHTb ypaBHeHne (12.61) . TeM caMbiM, K He 3aBHCHT ot /1. □ 

06o3HanHM Tis = F>(S) C 7Y + , r^e S — 3aMbiKamie onepaTopa S. CHa6>KeHHbiH HopMofi 
rpacpHKa 

\\ x +\\h,s = \/\\ Sx +\\ 2 + lk+H 2 > 
jiHHeaji Ti-s aBjiaeTca rnjibGepTOBbiM npocTpaHCTBOM, hjiotho BjiojKeHHbiM b Ti, + . 

JlEMMA 2.10. Cymecmeyem opmonopMupoeannan cucmejua {<Pk}T 6 npocmpancmee Ti. + , 
Komopan c mounocmbio do nopMupoenu neAHemcn 6a3ucoM Pucca e npocmpancmee Tis- 

/JpKA3ATEJlfc>CTBO. H3 onpe^ejieHHa HopMbi b npocTpaHCTBe TCs cjiejjyeT, hto onepaTop 
C = 1 + (S*S) 1 / 2 H30MopcpHO OTo6pa>KaeT Hs b H. Ecjih onepaTop C _1 KOMnaKTHbifi, a {fik}"^ 
— nocjie^OBaTejibHOCTb ero co6cTBeHHbix 3HaneHHH, to b KanecTBe hckomoh CHCTeMbi mojkho 
B3aTb nojiHyio opTOHopMHpoBaHHyio b 7i CHCTeMy {ipk}i° coScTBeHHbix BeKTopoB SToro one- 
paTopa. OneBHjjHO, CHCTeMa {/^Vfe}? 6ya,eT nojiHoii h opTOHopMnpoBaHHOH b npocTpaHCTBe 
H,:. 

Ecjih C _1 HeKOMnaKTeH, to nocTpoHM onepaTop C\ ^ 1, TaKOH, hto 1 ^ C\ — C ^ 0, a 
cneKTp C\ coctoht tojibko h3 co6cTBeHHbix 3HaHeHHH. Ecjih E\ — cneKTpajibHaa (pyHKiniH 
onepaTopa C, to mojkho b3htb C\ — 1 + YlT=i M-^fc+o ~~ ^(fc-i))- Bbi6epeM opTOHopMnpoBaH- 
Hbifl 6a3HC {ipk,j} C jLi B KajK^OM noflnpocTpaHCTBe Tik, coBnajjaioiHHM c o6pa30M npoeKTopa 
Ek+o — -E'(fe-i)- Tor^a o6T.eflHHeHHaH CHereMa {^fcj}fcj = i, cocToamaa H3 coScTBeHbix (pyHKHiiii 
onepaTopa Ci, hbjihctch nojiHoii h opTOHopMnpoBaHHOH b 7i, a cncTeivia {ktpk,j}'jLi, OHeBHjjHO, 
HBjiiieTCH SKBHBajieHTHoii opTOHopMHpoBaHHOMy 6a3Hcy b 7is, T.e. 6a3HCOM Pncca. □ 

JlEMMA 2.11. Ilycmb 7i\ u 7i 2 2UJib6epmoeu npocmpancmea u nocAedoeameAbnocmb one- 
pamopoe K n : 7i\ — > 7i 2 CAa6o cxodumcn k onepamopy K : Tii — ► 7i 2 (6ydeM nucamb K n — ^ K). 
Ecau G : 7i 2 — > Tii — KOMnaKmnuu onepamop, mo nocAedoeameAbnocmb K n G K n cxodumcn 
k K G K e paenoMepnou onepamopnou monoAozuu (numeM K n G K n =^ K G K). 

/^OKA3ATEJlbCTBO. KoMnaKTHbili onepaTop G mojkho c npoH3BOJibHOH TOHHOCTbio npn- 

6jIH3HTb KOHeHHOMepHbIM OnepaTOpOM. IloSTOMy flOCTOTOHHO flOKa3aTb yTBepjKfleHHe JieMMbi 

^;jih o^HOMepHoro onepaTopa G = (-,0)^, rjj;e <fi G Hi, ip G H 2 . Ho jj;jih TaKoro cjiynaa yTBep- 
jK^eHne cpa3y cjie^yeT H3 onpejj;ejieHHH cjia6oii cxojj;hmocth. □ 
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/^OKA3ATEJlbCTBO Teopemh 12.11 06o3HaHHM aepe3 P n opToroHajibHbie npoeKTopbi Ha 
n-MepHbie no^npocTpaHCTBa Lm{<^}™, npe^nojiaraa, hto ciiCTeMa {(Pk}± o6jia^aeT CBOHCTBa- 
mh, yKa3aHHbiMii b JleMMe f2. 10L Tor^a P n — > 1 (chjibho) b npocTpaHCTBe 7i + , a Taxace P n — > 1 
b Tis- PaccMOTpnM onepaTopbi 



A. 



PnAnPn P n A\2 
A 21 P n A 22 



^eiicTByiomHe b npocTpasxTBax © 7i.~ , rpp Ti^ = P n (7i + ). Tor^a A n aBjiaiOTca m- 
^HCCHnaTHBHbiMH onepaTopaMH b npocTpaHCTBe IIoHTparHHa 11^. CorjiacHO TeopeMe KpeiiHa- 
JlaHrepa-A3H30Ba onepaTopbi A n o6jiaflaiOT n-MepHbiMii MaKCHMajibHbiMH HeoTpHHaTejib- 
hmmh no^npocTpaHCTBaMH. B CHJiy jieMMbi 12.91 HafiayTca HepacTarHBaiomHe onepaTopbi 
K n : Ti^ — ► 7Y _ , TaKne, hto 

(2.8) F n + K n = (A 22 - fi)-\l - K n G)- x K n (S n - p). 

H3BecTHO, hto e^HHHHHbiH map b cenapa6ejibHOM riuibGepTOBOM npocTpaHCTBe HBJiaeTca cjiaSo 
KOMnaKTHbiM. TaK KaK nocjie^OBaTejibHOCTb onepaTopoB K n TaKOBa, hto hx hopmm He npeBC-c- 
xoaaT e^HHHn,bi, to mojkho Bbi6paTb cjia6o cxoaamyioca noflnocjieapBaTejibHOCTb K n K. 
^ajiee ^Jia KpaTKOcra onycKaeM HH^exc j. KoHeaHO, Hopivia npe^ejibHoro onepaTopa K TaKace 
He npeBoexo^HT e,a,HHHHbi. YaHTbiBaa, hto F orpamraeHHbiH, a G KOMnaKTHbiH onepaTopbi h 
nojib3yacb jieMMoii 12.111 nojiyaaeM 

F n = FP n — > F, K n G => KG, (1 - K n G)~ l =► (1 - KG)~\ 

HivieeM TaKa<e 

K n S n = K n SP ni 
SP n x^Sx Vx G 

IlosTOMy K n SP n x — ^ KSx h mm Moaceivi nepeiiTH k cjiaSoiviy npeaejiy b ypaBHeHHH (12. 8K . Toraa 
ajia npeaejibHoro onepaTopa K nojiyaaeivi ypaBHeHne (12.70 . B cnjiy JieMMbi 12.91 onepaTop A 
HMeeT MaKCHMajibHoe HeoTpniiaTejibHoe HHBapnaHTHoe noanpocTpaHCTBO. 

,I[oKajKeM BTopyio aacrb TeopeMbi o cymecTBOBaHHH HHBapnaHTHoro noanpocTpaHCTBa C + , 
TaKoro, hto cneKTp cyaceHna A + = A\c+ JieacHT b 3aMKHyToii jieBOH nojiynjiocKOCTH. 

HivieeM 

(2.9) P-rifej-f 5 -^)' 

r fl e L := (A 22 - fi)(F + K), V(L) = V(S). 

06o3HaaHM aepe3 Q opTonpoeKTop H3 noanpocTpaHCTBa C Ha 7i + , onpeaeaeHHbiH cpopiviy- 

JIOH 

OaeBH^HO, Q orpaHHaeHHO o6paTHM, npnaeivi ^ 2. 

H3 paBeHCTB (12 .5p h (I2.9P HivieeM 

(2.10) [A-a)\ c+ = Q~ X (S -a + GL)Q = Q'^S - a + G(l - KG)- l K(S - fi)]Q. 
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3^ecb mm Hcnojib3yeM JTeMMy 12.41 a apejraojiaraeM, hto aac.no /x G C~ Bbi6paHO TaK, hto 
\\G(1 — J^C)" 1 /^!! < 1/2. Tor^a apa Sojibaiax aojioataTejibabix a apaBaa aacTb aBjiaeTca 
oSpaTHMbiM onepaTopoM b tom a TOJibKO tom cjiyaae, Kor/ia onepaTop S — a oSpaTHM, T.e. 
Kor^a S aBJiaeTca MaKcaMajibHO ^HCCHnaTHBHbiM. CorjiacHO JleMMe 12.41 sto SKBiiBajieHTHO 
MaKCiiMajibHofi fliicciiiiaTHBHOCTH onepaTopa A b npocTpaHCTBe (7i, [•,•]). CjieflOBaTejibHO, 
OTKpbiTaa JieBaa nojiynjiocKOCTb MoaceT apaaa^JieacaTb pe30JibBGHTHOMy MHO>KecTBy cysceaaa 
A\c+ Torjja a TOJibKO Torjja, Kor^a onepaTop A MaKcaMajibao jjaccaaaTaBBbia b npocTpaHCTBe 

IlycTb A o6jia;jaeT yKa3aHHbiM cbohctbom. Tor/ia onepaTop S — a o6paTHM npn a G C + h 
paBeHCTBO (12.10p mojkho nepenncaTb b Bajxe 

(2.11) (A - a)\ c+ = Q~ x [l + M(a)](S(fi) - a)Q, 

M{a) = G(l - KG)^ 1 K[1 + (a-/i)(S- a)' 1 } 

aBjiaeTca rojiOMopcpHOH oaepaTop-cpyaKaaea, 3aaaeaaa KOTopoa ecTb KOMnaKTHbie oaepaTO- 
pbi. IlpH a G C + HMeeM (Re a) 1 1(5" — ^ 1. Ilojiaraa a = —~p h aojib3yacb JleMMofi 12.41 

nojryaaeM ||M(— ovfi)\\ — > 0, eana ji — > infty b ceKTope | arg(7r — ^ 7 < vr/2. B aacTHO- 
cth, aacjio \i mojkho Bbi6paTb TaK, hto6m onepaTop 1 + M{ol) 6bui o6paTHM apa a = — //. H3 
TeopeMbi o rojiOMopcpHOH oaepaTop-cpyHKaaa (cm., HaapaMep, [6], Tji. 1] Toraa cneayeT, hto 
cneKTp oaepaTop-cpyHKHHH 1 + M(a) b otrpbitoh npaBOH nojiynjiocKOCTH aacKpeTHbia (TaK 
KaK 3HaaeHaa M(a) — KOMnaKTHbie onepaTopbi). CjieapBaTejibHO, cneKTp cyaceHaa A + = A\c+ 

B npaBOH nOJiynJIOCKOCTH MOH<eT COCTOaTb TOJibKO H3 H30JIIipOBaHHbIX C06cTBeHHbIX 3HaMeHHH 

KOHe^HOH ajireSpaMaecKoft KpaTHOCTii. 

SaMeTiiM, hto Im[Ar ,£o] = (Ima )[io,io], ecjia Axq = C(qXq. CneaoBaTejibHO, ecjin A 
CTporo flHCcanaTHBHbiH b npocTpaHCTBe (W, [•,•])( a Tor^a ero cyateHne A\c+ o6jiaflaeT TeM 
>Ke cbohctbom), to onepaTop A\c+ He HMeeT co6cTBeHHbix 3HaneHHH b otkpbitoh npaBoii nojiy- 
njiocKOCTH, a noTOMy bch 3Ta nojiynjiocKOCTb npHHa^,Jiea<HT pe30JibBeHTHOMy MHO>KecTBy. TeM 
caMbiM TeopeMa nojiHOCTbio ,a,OKa3aBa JiJia CTporo ,a,accaaaTaBBbix onepaTopoB A. 

B o6m,eM cjiyaae paccMOTpnM ceMeacTBO onepaTopoB 

A £ = A - eP +} e > 0. 

Yace io;oKa3aHO, hto ajia sthx onepaTopoB HMeiOTca MaKKCHMajibHbie, HeoTpaaaTejibHbie, A £ - 
HHBapaaHTHbie noanpocTpaHCTBa c yrjiOBbiMH onepaTopaMH K £ . CyaceHna onepaTopoB A £ Ha 
3th HHBapnaHTHbie aojjapocTpaacTBa aBjiaiOTca CTporo jjaccaaaTaBBbiMa onepaTopaMH, TaK 
KaK 

^ -e(x+,x+). 

IIoBTOMy OTKpbiTaa npaBaa nojiynjiocKOCTb jiejKHT b pe30JibBeHTHbix MHoa<ecTBax sthx cy>Ke- 

HHH. 

3ananieM MOJjacpHnTipoBaHHoe ypaBHeHae PaKKaTa ^jia oaepaTopa A e : 



Re 



(A - eP^ 



Kx. 



x+ 
Kx, 



F + K £ = (A 22 - - K £ G)- l K £ {S + ie- //). 
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Bbi6epeM noflnocjie^OBaTejibHOCTb e n — > TaK, htoSm K £n =: K n — ^ i^. Cyaceima onepaTopoB 
A £ Ha cooTBETCByjomiie HHBapnaHTHbie no^npocTpaHCTBa Cf HMeiOT npeflCTaBjieHHH 

A+ = A £ \ c + = Q- X [l + M e (a)](S + ie- a)Q, 

M e {a) = G(l - K £ G)- l K E {S + is - n)(S + is - a)' 1 => M(a). 

3^ecb mm bhobb y^HTbiBaeM, hto (1 — K n G)^ 1 K n =>- (1 — KG)^ 1 K npn e = e n — > 0, Tax 
KaK G — KOMnaKTHbiii onepaTop. OnepaTop-(pyHKn,HH 1 + M £ (a) rojiOMopcpHbi b nojiynjiocKO- 
cth C_, h orpaHHHGHHO o6paTHMbi b 3TOH nojiynjiocKOCTH npn jik)6om e > 0. Ilpn e — > ohh 
cxo^aTca b paBHOMepHOH onepaTopHOH Tonojiornn k onepaTop-(pyHKHHH 1 + M(a), KOTopaa 

MO>KGT HMGTb TOJIbKO H30JIHpOBaHHbie C06CTBeHHbie 3HaHeHHfl B C~. ECJIH HeKaa TOHKa «o HBJIH- 

eTca ee co6cTBeHHbiM 3HaneHHeM, to b Majiofl OKpecTHOCTH stoh tohkh Hafl^eTca coScTBeHHoe 
3HaHeHHe 1 + M £ (a) npn flocTaTOHHO MajiOM s > 0, mto He mcokct 6biTb. 3thm 3aBepniaeTca 
^OKa3aTejibCTBO TeopeMbi fljia oSmero cjiynaa. 

□ 

3. IlojiyrpynnoBbie CBoftcTBa cyjKeHHii 

Mm npeflnojiaraeM, hto HHTaTejno H3BecTHbi onpe^ejieHHH ranoMopcpHOH h Co-nojiyrpynn 
h hx reHepaTopoB (cm. Hanpniviep, [5], Ch. I, II], [9j Ch. IX]) b rnjib6epTOBOM (hjih SaHaxoBOivi) 
npocTpaHCTBe 7i. ^ajiee mm 6yn;eM ncnojib30BaTb TOJibKO CBoficTBa pe30JibBeHT reHepaTopoB 
TaKHX nojiyrpynn. HanoMHHM cjie^yiomne npeflJiojKeHna. IlepBbie ^Ba xopoino H3BecTHbi (cm. 
iniTPipoBaHHbie MOHorpacpHn), ohh ^aiOT KpnTepHH rojiOMopcpHOH h Co-nojiyrpynnbi b TepMH- 
Hax pe30JibBeHTbi reHepaTopa. 

Teopema o tehepatope C -nojiyrpynnbi (Feller-Mijadera-Phillips). OnepamopT ne- 
AAemcM zenepamopoM Co nojiygpynnu mosda u moAbKO mosda, Kozda Haudemca hucao 
manoe, umo nojiyn/iocKocmh Re A > uj jieotcurn e pe30At>eeHmH0M MHOwcecmee p{T) u 

(3.1) \\{t- xy n \\ < C{\-oj)- n 

3am ecex v,eAux n ^ 1 u \ > u, zde nocmoHHHaH C ne 3aeucum om A u n. 

B 3tom cjiynae ^,jih nojiyrpynnbi U{t) = exp(Tt) BbinojiHaeTCfl oueHKa ^ Ce ut . 

Hn>KHaa rpaHb Hiiceji u>, ^Jia kotopmx BbinojiHeHa 3Ta oueHKa hjih oueHKa ( 13.11) . Ha3biBaeTca 
SKcnoHeHi^uaAbHUM munoM Co-no Jiyrpynnbi. B cjiynae 00 < nojiyrpynny Ha3biBaiOT 3Kcno- 
Heni^uaAbHO ycmouuueou. 

Teopema o tehepatope tojiomopohoh nojiyrpynnbi. Onepamop T mAHemcn ze- 
nepamopoM zoAOMoptfinou noAyspynnu mosda u moAbno mozda, Kozda npaean noAynAOCKOcmb 
Aeotcum e pe30At>eeHmH0M MHoatcecmee p(T) u eunoAHHemcn oz^enna 

(3.2) \\(T- A)" 1 ! ^ CIA]" 1 

6ah ecex A: Re A > 0, sde nocmoHHuan C ne 3aeucum om A. 

KoHe^HO, TaKaa on;eHKa BbinojiHaeTca, ecjin T aBJiaeTca MaKCHMajibHbiM ceKTopnajibHbiM 
onepaTopoM, T.e. ero hhcjioboh o6pa3 (= mhojkcctbo 3HaneHHH KBa^paTHHHoii cpopMbi (Tx,x), 
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Kor/ia x npoSeraeT D{T) h ||a;|| = 1) jiokht b ceKTope A a = {A: | arg(A — 7r)| < a} npn 
HGKOTopoM a < 7r/2. B 9tom cjiynae HepaBeHCTBO ( 13.21) BbinojiHaeTca npn C = (cosa) -1 . 

J^&jiee ya,o6HO SyijeT bbgcth cjie^yiomee onpe^ejieHHe: nojiyrpynny U(t) = exp(Tt) Ha30BeM 
K6a3u-sojiOMop(f)Hoii, ecjin fljiH pe30JiBBeHTbi ee reHepaTopa BbinojiHeHa oneHKa 03.21) fljia Bcex 
A: Re A > £, r^,e e > npoH3BOJiBHO, a nocTOsmHaa C 3aBHCHT tojibko e. OueBiynro, 3to 
ycjiOBne SKBiiBajieHTHO TOMy, hto T — e aBJiaeTca reHepaTopoM rojiOMopcpHoft nojiyrpynnbi 
npn jik)6om £ > 0. H3BecTHO, hto KBa3H-rojiOMop(pHan nojiyrpynna aBJiaeTca Co-nojiyrpynnofl 
3KcnoHeHii;HajibHoro Tiina 0. 06paTHoe, kohghho, HeBepHO. 

Ba>KHyio pojib b ^ajibHeliineM nrpaiOT cnejjyioiiixie /iBe TeopeMbi. 

Teopema ToMUJlKO ([7j). Onepamop T HeAnemcn senepamopoM C$-noAyzpynnu e npo- 
cmpaHcmee H, donycKatomeu oyeuny \\U(t)\\ ^ Ce^, mozda u moAbKO mosda, Kozda p(T) 
codepcHcum nojiynAOCKOcmb Re A > 10 u 3am ak>6ozo x G 7i 

(5+ioo 

(3.3) su P (5-cj) [ (||(T-A)- 1 a;|| 2 +||(T*-A)~ 1 x|| 2 )|rfA| <oo 

5>u J 

8—ioo 

TEOPEMA GEARHART'A ([H Teopeivia V.l.ll]). dncnoHeHyuaAbHuu mun C^-noAyzpynnu, 
senepupyeMou onepamopoM T, coenadaem c Huwcneu zpanbio uuceA (3, 3ah nomopux noAynAoc- 
Kocmb Re A > (3 Aeotcum e p(T) u 

(3.4) sup \\{T - \y l \\ < oo. 

ReA>/3 

JIemma 3.1. Onepamop T zeuepupyem C^-noAyzpynny aKcnoneuyuaAbHozo muna (skc- 
noHenyuaAbHO ycmouHueyw), ecAU cneKmp T Aewcum e 3aMKHymou Aeeou noAynAOCKOcmu, 
oyeHKa (I3.3P eunoAHHemcH npu docmamouHO 6oAbiuux io > 0, a oyenna (13.41) npu ecex (3 > 
(npu (3 = 0). 

,IJOKA3ATEJlbCTBO. YTBep>K^,eHHe cjie^yeT H3 TeopeM Tommjiko h TepxapTa. Hy>KHO tojib- 
ko 3aMeTHTB, hto ecjin on,eHKa (13.4D BbinojiHaeTCH npn (3 = 0, to HaiyjeTCH e > Taxoe, hto 
p(T) co^ep>KHT nojiynjiocKOCTB Re A > — e h (13.41) BBinojiHaeTCfl npn (3 = —e. □ 

JlEMMA 3.2. Ffycmb onepamop —A 22 aeAttemcn zenepamopoM Kea3u-20AOMopcf)Hou noAy- 
spynnu u G(p) = Ai 2 (A 22 — /f) -1 — KOMnaKmnuu onepamop npu HenomopoM /i = /io G p(A 22 ). 
Tozda onepamop cjjyuKyuH G(p) Koppetzmno onpedeAena e Aeeou noAynAOCKOcmu u 

\\G(pi)\\ — > npu p — > oo 

paenoMepuo e noAynAOCKOcmu Re/i < 0. 5 nacmuocmu, amo ceoucmeo eunoAHHemcn, ecAU 
—A 2 2 fieAHemcH cenmopuaAbHUM onepamopoM. 

^OKASATEJlbCTBO. Bocnojib3yeMca paBeHCTBOM 

G(fi) = G(fM )(A 22 - p )(A 22 - pi)- 1 . 

OneBHflHO, b ycjiOBHHx jieMMbi Hopivia onepaTop-(pyHKn,HH (A 22 — po)(A 22 — p) _1 paBHOMepHO 
orpaHH^eHa b jieBofi nojiynjiocKOCTH BHe Majiofi OKpecTHOCTH Hyjia. KoMnaKTHbiii onepaTop 

G(j2 ) : H.~ — > 7i + MOJKHO npH6jIH3HTB C npOH3BOJIBHOH TOHHOCTBK) B OnepaTOpHOH HOpMe KO- 

HeuHOMepHbiM onepaTopoM. IIosTOMy ^ocTaTOHHO noKa3aTb, hto \\Q(A 22 — fi )(A 22 — /j,)^ 1 ]] — > 
npn /i — > 00 b JieBofi nojiynjiocKOCTH jiioSoro o/iHOMepHoro onepaTopa Q = (^tp)^, r^;e 
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(p G 7i~, tp £ 7i + . 3aivieTHM, hto Q mojkho c npon3BOJibHon tohhoctbio npn6jin3HTb b onepaTop- 
hoh HopMe onepaTopoM Qq = (•, tpo)ip, r^e y?o £ ^(^22) ( B ycJiOBnax jieMMbi conpiDKeHHbiii one- 
paTop A 22 njiorao onpe^ejieH) . Ho onepaTop Qq(A 22 — Hq) orpaHnneH, a ||(A 2 2 — /x) 1 1 1 ^ C|/u| _1 
b jieBoii nojiynjiocKOCTH bhg Majioii OKpecTHOCTH HyjiH, ito cjie^yeT H3 TeopeMbi o reHepaTope 
rojiOMopcpHOH nojiyrpynnbi. OTCio^a nojiynaeM yTBep>KfleHHe JieMMbi. □ 

JlEMMA 3.3. Ffycmb T — m-duccunamueHuu, a V — KOMnanmHuu onepamopu e 7i. Tozda 
npu ak>6om e > naudemcH docmamoHHO 6oAtuioe hucao r = r(e), manoe, umo 3ah ecex X U3 
noAynAOCKOcmu ReA^£u|A>r onepamop T + V — X o6pamuM u 

(3.5) UT + V-X)- 1 ]] < {2e)-\ 

^OKASATEJlbCTBO. /JeiicTByeM TaK>Ke, KaK b JleMMe [3721 IlycTb CHanajia V = (■,(p) , ifj — 
o^HOMepHbiH onepaTop b 7i. IlpeflCTaBHM ero b BH^e 

V=V + V 1 , V = (-,(p )if>, WKWkS, o eX?(T*). 

Tor^a 

(T - X)' 1 V = (T — A)-Vi - X-\V — (T — X^TVo). 

OiiKCiipyeM £>0e B03bMeM 5 < £/4. OnepaTop SVq orpaHnieH, nosTOMy npn Re A ^ e HMeeM 
on,eHKy 

n/ _ ^5 const 1 ... A const 

||(T- A V|| <- + ——< -, ecjin |A| > . 

£ A £ 2 s 

Ho Tor^a fljia TaKiix A cnpaBefljiHBa on;eHKa (13 .5p . ,HoKa3aTejibCTBO coxpaHaeTca, ecjin V — 
KOHeHHOMepHbifl onepaTop. TaK KaK KOMnaKTHbin onepaTop mojkho npn6jin3HTb no Hopivie c 

npOH3BOJIbHOH TOHHOCTbK) KOHenHOMepHbIM, to oireHKa OCTaeTCa CnpaBeflJIHBOH H flJia KOM- 

naKTHoro onepaTopa V . □ 

3aivieTHM, hto /j;jia MaKcniviajibHO flnccnnaTHBHoro onepaTopa — A 22 — 1 KoppeKTHO onpefle- 
jieHbi flpo6Hbie CTeneHH (cm. Hanpniviep, [5], TjiJI]). 

JlEMMA 3.4. Ilycmb onepamop —A 22 neAHemcn senepamopoM Kea3u-zoAOMop(f>Hou noAy- 
spynnu, a A\ 2 u A 2 \ maKoeu, umo onepamopu 
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(3.6) A 12 (-A 22 -l) a u (-A 22 -l) L - a A 

ozpanuneHU npu neKomopoM ^ a ^ 1. Tosda onepamop- cfiyHKyusi 

i?(/i): = A 12 (A 22 -//)-%! 

paenoMepno ozpanuuena e noAynAOCKOcmu Re /i < one MaAou OKpecmnocmu nyAM. 

/^OKA3ATEJlbCTBO. H3 ycjiOBna JieMMbi cjie/xyeT, nro onepaTop R(— 1) orpaHnneH. ,Hajiee, 

R(fj) = R(-l) - A 12 (-A 22 - l) a [(fi + 1)(A 22 - fx)- 1 } (-A 22 - lf- a A 2l . 

H3 TeopeMbi o reHepaTope rojiOMopcpHon nojiyrpynnbi cjiejj;yeT on;eHKa || (n+l)(A 22 — jj,)^ 1 \\ ^ C 
fljifl Bcex fj, b jieBon nojiynjiocKOCTH BHe OKpecTHOCTH Hyjia, H3 KOTopoii nojiynaeM yTBepjK^eHne 
jieMMbi. □ 

Otmcthm, hto fljia onepaTop-MaTpnn;, B03HHKaioni;Hx b KOHKpeTHbix 3ajj;anax (cm., Hanpn- 
Mep, [1, 18j), orpaHnneHHOCTb onepaTopoB (13.61) 6biBaeT Hecjio>KHO npoBepnTb npn a = 1/2. 
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JIemma 3.5. IJycmb A + - cyatcenue onepamopa A na uneapuanmuoe, MaKcuMaAbnoe 
Heompui^ameAbHoe nodnpocmpaHcmeo C + . Tozda 

(3.7) A + = Q- 1 XQ, X = S + G(l-KG)- 1 K(S-fi), 

a conpHMceHHuil onepamop A* + UMeem npedcmaeAenue 

A\ = Q-\l + K*K)~ 1 X*{1 + K*K)Q. 
3decb Q — opmonpoenmop us C + na H + . Onepamopu K u X ne 3aeucnm om \i. 

/];oKA3ATEJlbCTBO. IlpeflCTaBjieHHe ( 13771) BbiTexaeT H3 (9). IlycTb A\ = Q~ l YQ. Tor^a 




= ((1 + K*K)Xx, y) = ( (j^ ,A* + ( ^ ) = (x, (1 + K*K)Yy), 
hto Bjie^eT X*(l + K*K) = (1 + K*K)Y . B ciuiy JieMMbi [2?9l onepaTop K (a noTOMy h X) He 

3aBHCHT OT /i. □ 

Tenepb flOKa>KeM TeopeMbi o nojiyrpynnoBbix CBoftcTBax onepaTopa A + . 

Teopema 3.6. IJycmb eunoAnenu ycjioeun meopeMU 2.1 u A + — cyotcenue m- 
duccunamuenozo onepamopa A e npocmpancmee (H, [•,•]) na uneapuanmnoe, MancuMaAbnoe 
neompuv^ameAbnoe nodnpocmpancmeo C + , maKoe, nmo o~{A + ) Aeotcum e 3aMKnymou Aeeou 
noAynAOCKoemu. IJycmb manatee eunoAneno odno U3 ycAoeuil 

(i) onepamop A\ 2 KOMnanmen; 

(ii) npu aw6om e > onepamop- (jpynKv^ust, R(fi) = Ai 2 (A 22 — fi)~ 1 A 2 i paenoMepno ozpanu- 
nena e noAynAOCKoemu C~ = {/i: Re/i ^ e}, a \\G(fi)\\ — > npu ji — > oo paenoMepno 

eC-; 

(iii) onepamop —A 22 zenepupyem Kea3u-zoAOMopg)HyK) noAyzpynny u o6a onepamopa e (13.61) 
ozpanuuenu npu neKomopoM ^ a ^ 1 . 

Tozda A + zenepupyem C^-noAyzpynny aKcnonenv^uaAbnozo muna 0. Ecau A — paenoMepno 
m-duccunamuenuu e npocmpancmee (TC, [•,•]), m.e. Re[Ax, x] ^ — s(x,x), e > 0, 3am ecex 
x G D(A), mo A + zenepupyem aKcnoneni^uaAbHO ycmouuueyw C^-noAyzpynny. 

/^OKA3ATEJlbCTBO. IlycTb BbinojiHeHO ycjiOBne (i). H3 (popMyjibi (12.9P HMeeM 

A + = Q-\~S + GL)Q = Q-^S + A 12 (F + K))Q. 

OnepaTop 5* = S(jj) aBJiaeTca m-flHCcnnaTHBHbiM, a noTOMy reHepupyeT nojiyrpynny cacaTHH 
b TeM Sojiee, Co-nojiyrpynny. H3BecTHO, hto orpaHH^eHHoe B03MymeHne TaKoro onepaTopa 
(cm. pQ Eji. 5]) aBJiaeTca reHepaTopoM Co-nojiyrpynnbi. 

,I[oKa>KeM, hto 3KcnoHeHn,HajibHbiH thii stoh nojiyrpynnbi paBeH Hyjiio. Mbi 3HaeM, hto 
cneKTp A + jiokht b 3aMKHyTOH jieBOH nojiynjiocKOCTH. H3 JieMMbi 13.31 Tor^a cjie^yeT, hto 
pe30JibBeHTa (S + Ai 2 (F + K))~ aBJiaeTca orpaHiiaeHHoii b nojiynjiocKOCTH Re a > e npu 
jik)6om £ > 0. OcTaeTca BOcnojib30BaTbca TeopeMofi TepxapTa. 

,I[oKajKeM Tenepb yTBepjK^eHiie TeopeMbi npii BbinojiHeHiiii ycjiOBiia (ii) . <DiiKCiipyeM hhcjio 
e > 0. J\jisi onepaTopa A + BOcnojib3yeMca npe^CTaBJieHiieM (13 . Tf) . 113 KOToporo nojiyaiiM 
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(3.8) (A+-a) =Q- 1 (X-a)Q = Q- 1 ((S( f i)-a)[l + M 1 (n,a)]Q, 

M x (ti, a) = [1 + (a - fi)(S - a) -1 ]^ - KG)- 1 K 1 

r^e G w S 3aBHCHT ot fx. IIojiojkhm fj, = —a a Bbi6epeM aacjio r BbiSpaao ctojib 6ojibniHM, aTO 
\\G(— a) || < 1/5 npii Bcex |a| >ro,Rea > 0. TaK KaK onepaTop 5 aBJiaeTca m-anccnnaTBBBbiM, 
to | a — a | • \(S — ^ 2, aosTOMy 

||M(-a,a)||<2.(l/5).(5/4) = l/2. 

y^HTbiBaa, aTO ^ 2 a ||Q|| ^ 1, ajia Bcex a: Re a ^ e, |a| > r nojiyaaeM 

II(Ah - a)- X K 4||(5(-5) - a)" 1 !!^ 

IlocKOJibKy OTKpbiTaa npaBaa nojiynjiocKOCTb apaaa,z],JieacBT p(A + ), to (A + — a)~ l orpaaaaeaa 
b nojiynjiocKOCTH a: Re a ^ £ apa jiio6om e > 0. 

YnHTbiBaa JleMMbi 13.11 h 13.51 ocTaeTca noKa3aTb hto npn 6ojibniHx u a jik)6om x + G 7i + 
cnpaBe^JiHBbi oaeaKB 

5+ioo 5+ioo 

(3.9) sup(5-w) / \\{X - a^xf \da\, sup(5-cu) I \\{X* - a^xf \da\. 

5>oj J 6>u) J 



S—ioo S- 



■ioo 



rae 



X - a = (S - a)(l + Afi(-a, a)). 

y>Ke noKa3aHO, aTO npn Re a > tq BbinojiHeHa on,eaKa ||M(— a, a)\\ < 1/2. IIoBTOMy nepByio 
oneaKy apcTaToaao apKa3aTb, earn b Heft BMecTO X yaacTByeT S = S(—a). 
CnapaBefljiHBO paBeHCTBO 

An — en = S(—a) — a — R(— a), 

a no ycjiOBHio ||i?(— a) || ^ C npii a: Re a ^ e. Toraa H3 oneaKn ||(5'(— a) — a) _1 || ^ l/Rect 
cjie^yeT, aTO An — a oSpaTiiM apa Re a ^ 2C (a noTOMy oSpaTBM b apaBoii nojiynjiocKOCTH, 
t.k. An ^HCcanaTHBHbiH). KpoMe Toro, apa Re a 2C cnpaBe^JiHBbi oaeaKB 

2/3 < ||(1 + (An - a^Ri-a))- 1 ]] < 2. 

Ilo3TOMy npii ui > max{ro,2C} nepBaa oaeaKa b (13.91) BbinojiHaeTca Tor,aa a TOJibKO Tor^a, 
Kor^a OHa BbinojiHaeTca nocjie 3aMeHbi X aa An. Ho An aBJiaeTca m-aaccaaaTaBBbiM a 
reHepapyeT aojiyrpyaay cacaTaii. IIosTOMy TaKaa oaeaKa ajia An 3aBeapMO Bbiaojiaeaa. 
^jia flOKa3aTejibCTBa BTopofi oaeaKa aaap apeacTaBBTb oaepaTop X b Baae 

X - a = (1 + M(ji, a))(S - a), M(p, a) = G{\ - GK)^ 1 (l + (a - /j)(S - a)' 1 ) . 

a aoBTopaTb ape^,bi^,yni,ae paccyatfleaaa. TeM caMbiM, ^,OKa3aaa ,apcTaToaBOCTb ycjiOBaa (ii). 

Ecjia Bbiaojiaeao ycjiOBae (iii) , to b cajiy JleMM 13.21 a 13.31 Bbiaojiaeao ycjiOBae (ii) . 

IlycTb Tenepb onepaTop A paBBOMepao m-aaccaaaTBBBbia npocTpaacTBe (Tl, [•,•]). H3 
JleMMbi 12.61 Tor^a cjie^yeT, aTO apa aeKOTopoM e > 

Re(S(n)x + , x + ) ^ 
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fljia Bcex /i G C~. Torjja hhcjio /j, G C~ mojkho Bbi6paTb TaK, hto6m ||Mi(/i, a)|| < 1/2 jjjia 
Bcex a H3 npaBOH nojiynjiocKOCTH. B stom cjiynae, ynnTbmaa paBHOMepHyio flnccnnaTHBHOCTb 
onepaTopa S(/i), nojiynaeM 

npn Bcex Re a > 0. CorjiacHO JTeMMe l3~5l onepaTop A + reHepnpyeT BKcnoHeHirnajibHO ycTon- 
HHByio Co-nojiyrpynny. Teopeivia nojiHOCTbio JxpKa3aHa. □ 

Teopema 3.7. Ilycmb eunojinenu ycAoeun meopejuu 2.1 u A + — cywcenue m- 
duccunamueHozo onepamopa A e npocmpaHcmee [■,■]) na UHeapuanmHoe, MancuMaAbnoe 
Heompui^ameAbHoe nodnpocmpaHcmeo C + , manoe, umo cr(A + ) Aecncum e 3aMKnymou Aeeou 
noAynAOCKOcmu. Ilycmb mancnce eunoAneno odno U3 ycAoeuu 

(i) onepamop S = S(/j) zenepupyem K8a3u-20AOMopcf)Hyio noAyspynny npu nenomopoM 
// G C~; 

(ii) onepamop An zenepupyem Kea3u-zoAOMopcf)Hue noAyspynny, npuueM onepamop 
^4.21 (/111 — «o) 1 ospanuHen npu neKomopoM cto G C + . 

Tozda A + zenepupyem Kea3u-soAOMopg)HyK) noAyzpynny. 

,ZIpKA3ATEJibCTBC>. IlycTb S(/i ) reHepnpyeT KBa3H-rojiOMopcpHyio nojiyrpynny. H3 (pop- 
Myjibi 

R{H) = A 12 {A 22 - fi)~ 1 A 21 = R(fio) + (/j, - fi )G(fi)F(fi ) 
cjie^yeT, nTO npn jiioSom /i G C~ onepaTop S(fx) aBjiaeTca orpaHnnemibiM B03MyineHneM 
S(fj,o). Kpoivre Toro, S(n) aBjiaeTca m-jjnccnnaTHBHbiM, a noTOMy oh TaKJKe reHepnpyeT KBa3n- 
rojiOMop(pHyio nojiyrpynny. 
Bocnojib3yeMca paBeHCTBOM 

S(n) - a = [1 - (/j, - fi )G(fi)F(fi )(S - a) -1 ] (So - a), 

rjie So = S(no). Haft/xeTca jrocTaTOHHO 6ojibnioe hhcjio r = r(/x, e), TaKoe, hto npn \a\ > r, 
Re a ^ e BbinojraaeTca oueHKa 

||(//-^o)G ! (//) J P(//o)(So-a)- 1 || < 1/2. 

CjiH/xoBaTejibHO, 

(3.10) \\(S(fi) - a)' 1 ]] < 2||(S -a)~ 1 || <C(e)|a| -1 npn \a\ > r(/i, e), Rea^e. 
Mojkho cnHTaTb, hto C = C(e) ^ 1. cDnKcnpyeivi e > n Bbi6epeM n < TaK, htoGm 

||G( / ,)(l-KG(/i))- 1 ||<(4C)- 1 . 

Tor^a jj,Jia (pyHKnnn Ml(/i, a), onpe,a,ejieHHOH b (13.81) . nojiynaeM oneHKy 

||Mi(^,a)|| < (4C)" 1 (1 + C(1 + |a| _1 ) < 3/4, 

ecjin \a\ > max{r, Tax KaK S(/z) reHepnpyeT KBa3n-rojiOMop(pHyio nojiyrpynny, to H3 
npejj,CTaBjieHna f 1 3 . 3 h HMeeM 

(3.11) IKX-ct)- 1 !! ^ 4||(S(/i) -a)" 1 )] ^C^r 1 npn Rea ^ e, |a| > r(/i,e), 

c nocToaHHon C, He saBncamen ot a. TaK KaK cneKTp X jieacnT b jieBon nojiynjiocKOCTH, 
to 9Ta on;eHKa ocTaeTca cnpaBe/jjiHBOH bo Been nojiynjiocKOCTH Re a ^ e. Cjiejj;oBaTejibHO, X 
reHepnpyeT KBa3H-rojiOMopcpHyio nojiyrpynny. 
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IloKajKeM, hto ycjiOBne (ii) BJieneT ycjiOBiie (i). Bocnojib3yeMca paBeHCTBOM 

S(/j,) - a = A u - a - R(fi) = [l - G(fj,)A 12 (Au - a)' 1 ] ■ (A u - a). 

IlocKOJibKy An reHepupyeT KBa3ii-rojiOMopcpHyio nojiyrpynny, to npn Bcex a 113 nojiyimocKO- 
cth Re a ^ e cnpaBe^jiHBa oixeHKa 

\\A 12 (A U - a)- 1 ! < \\A 21 (A U - c^o ) 1 1| \\(A U - a )(A n - a)' 1 ]] < C(e). 

BbiSepeM fx < TaK, htoSbi ||G(/x)|| < l/2C(e). Tor,n;a 

\\(S(n) - a)" 1 )) ^ 2\\(A U - < C\a\~\ earn Rea > e. 

CjieflOBaTejibHO, npn BbiSpaHHOM SHa^eHHH /x onepaTop S(fi) reHepHpyeT KBa3ii-rojiOMopcpHyio 
nojiyrpynny. TeopeMa ^OKa3aHa. □ 
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